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Abstract 

The theory of finite automata apphes to the study on relations of multiple zeta values. 

1 Introduction 

1.1 Multiple zeta values and Zagier - Broadhurst's formula 

Multiple zeta values (MZVs, for short) are real numbers defined by 

C(fci,A:2,...,fc„) = k, k! ]- (1-1) 

where fci, fc2, . . . , A:„ G Z>i, and fci > 2. We call fc = fci + • • • + fc„ the weight and n the d epth o f 1)1. 
The following formula was conjectured by Zagier iZj, and proved by Broadhurst |B^) . |B'^L| : 



C({3,l}n)=C( 3,l,...,3,l H , (1.2) 

n times 



The proof refined by Zagier is as follows (cf. |AKp : The equality 

t -t \ t -t 



V , / M + i l + i / VI — I 1 — 1 



n=0 



can be proved by showing that the both sides is annihilated by the differential operator 

ax J \ ax > 



Here, for . . . , /c^ € ^>i, 



Lik,,...,kM= — k: (1-3) 



mi>--->nin>0 1 



are multiple polylogarithms of one variable (MPLs, for short). Hence we have 

t -t \ t -t 

:[ ^,l,. . .:6,l) t- = F[- 

n=0 



^ C(3, 1, . . . , 3, 1) t^" = ^^(-^, 1; l) -i.; 1; 1 



n times 

Applying the formula 



F(a,-a;l;l) 



r(l-a)r(l + a) TTfl ' 
we have 



^^f^, 1; lUf 1; i) = y 



(4?i + 2)! 
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1.2 Waldschmidt's idea 



The original proof by jB ) . |B L) is based upon some combinatorics, while Waldschmidt gave more simple 
one by means of the idea "finite automata" . 

Let = Q{x,y) be a Q-algebra of polynomials of non-commutaitive variables x and y, and a subal- 
gebra i3° = Q • 1 + xS^y. Set Zk = x^~^y (fc > 1). We define a Q-linear map Z : Sf — > R by 

Z{ziZ2- ■ ■ Zn) ^ C{ki-,k2, ■ ■ ■ ,kn) (fci , , . . . , A:„ G Z>i and /ci > 2) . (1.4) 

which coressponds to the iterative integral representation; 



({ki,k2, ■ ■ ■ ,kn) = / 

"'0 



^ dt dt dt dt dt dt 



fci-i fc„-i 



(1.5) 



The shuffle product m is a notion abstracting the product of iterated integrals. 
Definition 1.1. in : x Sj — > Sj is a Q-bilinear operation satisfying the following conditions: 
(i) For w £ f), w\u\ = \\uw = w. 

(ii) Let Ui,U2 be x or y. Then, for any words wi,W2 G io, 

(uiWi) lU {U2W2) = Ui{wi LU U2W2) + 1*2(^1^1 UJ W2)- (1.6) 

It is known that (Sj, lu) is a commutative algebra (cf. j AK| ) . and {9)'^, lu) is a commutative subalgebra, 
furthermore, Z is an algebra homomorphism, that is, 

Ziwimw2) ^ Z{wi)Z{w2), (wi,W2 e io")- (1-7) 

Let — Q{{x,y)) be a Q-algebra of formal power series of x, y which can be viewed as the dual of 
Sj. For w E x^) + ySj, set 



* = E^" (1.8) 



w 

which is called Kleene's closure of w. This is the inverse element of w in Sj: 

w*{l-w) = {l-wjw* = 1. (1.9) 
Using the idea of finite automata, Waldschmidt W showed that 

{xyymi-xyr^i-Ax^y^r- (1-10) 

We should note that the shuffle product preserves the weight of words. Transforming the both sides of 
p.lUfl via Z to MZVs, one obtaines 

2n 

(-4)"C({3,1}„) = 5](-l)2"-PC({2}p)C({2}2„-p). 

p=0 

The RHS above equals to (-l)"C({4}rO (see CorolallyES ^J^), and 

so that H1.2|l is established. 

The original proof of l|l.l()|l will be reviewed in Section 3 after the preliminaries on automata theory. 
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1.3 The purpose of the paper 

In this paper, we aim at extending the idea of Waldschmidt and deriving various relations of MZVs. Our 
central idea is to associate an "adjacency matrix" to each finite automaton. Through adjacency matrices, 
one can compute the shuffle product in a combinatorial way. 

This paper is organized as follows: In Section 2, we give preliminaries on the basic concept of finite 
automata, in particular, shuffle automata and adjacency matrices. In Section 3, we review in details the 
proof of (|1.10(l due to j^, and give the definition of the harmonic product of MZVs and show basic 
formulas which will be used later. In Section 4, first we give a direct application of the Waldschmidt 
formula l|1.10|l . Next we derive several relations of MZVs by means of adjacency matrices. In Section 5 
we introduce hamonic automata, and prove the basic formula presented in Section 3. In Appendix we 
consider the values of C({2fc}„) (1 < fc < 7). 

In I^ and [S] , the first and the second authors of this article deal with more shuffle automata and 
harmonic automata with generalization to multiple L values. These subjects will be treated in the next 
paper. 

Acknowledgement 

This research started with inspired by the talk of Professor Waldschmidt at the conference on "Zeta 
Functions, Topology, and Quantum Physics" held at Kinki University, March 2003. The authors would 
like to express deep gratitude to Professor Waldschmidt and the organizing committee of ZTQ. 
The third author is partially supported by JPSP Grant-in-Aid No. 15540050. 

2 Finite automata 

2.1 Defintion of finite automata 

Definition 2.1. (1) A finite automaton over fy^ — C{x,y) is a quintuple (Q, S, (5, gi, _F) where 
(i) Q = {qi, 52, • ■ • , 9m} "is a set of states; 

(ii) E is a finite subset of Cx + Cy which is called the alphabets of the automaton; 
(Hi) S : Q X T, — > Q is the transition function; 
(iv) qi is the initial state; 
(v) F d Q is the set of final states. 

(2) If w = ui ■ ■ ■ Un £ Sjc {ui , . . . , u,i e S) satisfies 

S{- ■ ■ {S{qi,ui) ■ ■ ■ Un) = qi e F, 
then we say that the word w is accepted by the automaton. 

(3) //, in the automaton, the states transit like 

qi = qio Qii ^ ■ ■ ■ 9«„-i 9i„ = Qj, 

then we call this trajectry a path of length n from qi to qj . If the word w is accepted by a path of 
length n, then we call w a word of length n, and denote it by l{w) = n. 

(4) //, for w e 9jc — C((x, y)) , there exists an automaton M = (Q, S, S, qi, F) such that 

w — (a word accepted by the automaton) 

X {the number of paths for which the word is accepeted), 

then we say that the element w — w{M) is accepted by the automaton M . 

Remark 2.1. In the ordinary theory of automata (cf. lAn!^ . IHMlJf ) . what is accepted by an automaton 
is a "language", but in our theory, it is an element in Sjc- 
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Example 2.1. Let M = (Q, S, (5, qi, F) be 

Q = {91,92,93}, 

S = {x,y,~y}, 

S : 6{qi,x)^q2, S{qi,-y) = qs, 5{q2,x)=q3, S{q3,y) ^ qi, 
F = {93}. 

The transition diagram of the automaton is 




where the initial state is surrounded by a circle and the final state by a double rectangular. For this 
automaton, w{M) — [x"^ — y){yx'^ — y'^)* ■ 

Now we present addition of elements, multiplication of elements by scalers, concatenation of elements 
in terms of automata. Let wi — U1U2 ■ ■ ■ Um, W2 — V1V2 ■ ■ ■ Vn (z 9j (ui, . . . , Um, vi, . . . ,v„ e S). These 
are represented by the following automata: 



wi : 



W2 : 



> 92 



) |9m+l| , 







Then the sum wi + W2 and the concatenation W1W2 are represented by 

wi +W2 : (91 , 





92 




) 


> 

1*2 



|9m+l 



(2.1) 
(2.2) 

(2.3) 



9m+2 



\qm+n+l\ 



W1W2 





92 




) 

ill 


)• 

«2 





9m +1 




9m +2 




) 


) 


> 

V2 



|9m+K+l 



The scalor multiplication (k e K) and Kleene's closure of wi are represented by 

kwi : (qi 





92 




> 

Ml 


>■ 

«2 



H9m+l| , 



(2.4) 



(2.5) 



-) 92 



-> 9r> 



(2.6) 



In H2.6|l . "the initial state — the final state" is surrounded by a double circle. We should note that 
the automata representing the addition and the scalor multiplication is not unique. For example, if 
ui = vi = X, then wi + W2 is also represented by 



Wi + W2 ■ 



92 



93 




-^ |9m+l 



9m+2 



— — ) |9m+n 



In this automaton, the number of the states is less than that of 12. 3() . To reduce the number of the states 
in an automaton is important for easy computation of the words accepted. 
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2.2 Shuffle automata and adjacency matrices 

Automata reprsenting the shuffle product of words and of Kleene's closure of words are considered in 
[ HCTTT] and |W|. 

Proposition 2.1. The shuffle product wi lu W2 and {wi)* m (^2)* are represented by the transition 
diagrams H2.7() and l|2.8() . respectively: 



9(m+l) + l 




%n+l)+2 


! 

Ml 



'?2(m+l) 



(2.7) 



9(n-l)(m+l) + l 



9(n-l)(m+l)+2 



'?n(m+l) + l 




9ri(m+l)+2 




> 

Ml 


> 

M2 



9n(m+l) 



^ |g(n+l)(m~ 








9(n-l)m+2 




) 

Ml 


> 

M2 



We call (|2.7|l , H2.8() the shuffle automata. To compute a shuffle product is nothing but computing the 
words accepted by the shuffle automaton. For this end, an adjacency matrix is a useful tool. 



Definition 2.2. Let M — {Q, E, S, qi, F) be a finite automaton. Then we define a matrix A — A{M) by 

A = (an) where an — ^ a. (2-9) 



(oij) where a-ij — a. 

aGS ; S{qi,a)—qj 



We call A{AI) the adjacency matrix of M. This satisfies the following property. 

Theorem 2.2. Let us denote the {i, j)-entry of A{My^ by a[j\ Then ajj-* is the sum of all the words 
accepted by paths of length n from qi to qj . 
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Proof . We prove by induction. The case of n — I is trivial. Assume that the case of n — 1 holds. Let 
Q — {<liil2, ■ ■ ■ ,<lm) be the set of states of M . Since A" = A"^^A, we have 

m 

(n) (n-1) (1) 

k=l 

On the other hand, there exist m strings of paths of length n like 

Qi^ * Qk ^ Qj (fc = 1,2, . . . ,m). 

" V ' 

le7igth—n — l 

(n) 

Hence a- equals to the sum of all the words accepted by paths of length n from qi to qj . □ 
Theorem 2.3. The element w{M) accepted by M is given by 

^(M)- E (2-10) 

3;qj&F \n=0 / 

(Here, for convenience, we set the word of length to he \ £ i^c which is accepted only by the paths from 
Qi to qi. ) In particular, in the case that F — {qi}, it is given by 

oo 

w{M)^Y.^n- (2.11) 

n=0 



3 The Waldschmidt formula and harmonic product of MZVs 
3.1 The original proof of the Waldschmidt formula 

In Waldschmidt proved the formula H1.10|l in the following manner: From 1)2. 8f) . the shuffle automaton 
of (xy)* Lu (—xy)* is represented by the following transition diagram: 



94 



93 



(3.1) 



92 



Denote this automaton by M = (Q, E, i5, gi, F). Let Mk = {Q,T,,5,qk,F) and Sk the element accepted 
by Mk- Then we have the following linear recursive equations; 



5i = 1 + xSs + xS4, S2 = —yS^ + ySi, 
S3 = ySi + XS2, S4 — —ySi + xS2- 



Solving this, we have 



S*! = 1 - Ax^y^S: 



(3.2) 



(3.3) 



Hence Si = {-ix'^y'^)* . 

For any finite automaton, one has linear recursive equations like 1)3.2(1 . But they cannot be solved (or, 
it is too difhcult to solve) in general. By introducing adjacency matices, one can avoid such difficulty. 
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3.2 Proof of the Waldschmidt formula via an adjacency matrix 

The adjacency matrix A of the automaton is 



Let us compute a'""*. We have 



A' 



where * stand for certain elements of length 2, and 






X 


X 





y 


-y 


y 


X 





-y 


X 








2x^ 





-2y' 

























(3.4) 



A^ = 



-Ax^y'^ 






0' 

-4y2a;2 

* * 

* * 



where * stand for certain elements of length 4. From this computation, we see that a^"'' = unless 
n = 4A:, and a^^^^ = (— 4a;^y^)'^. Thus we obtain the Waldschmidt formula 

3.3 Harmonic product 

Let ki,k2 > 2. Then one can compute product of zeta values C(^i)i C(fc2) like 

\,mi>m2>0 m2>mi>0 mi—m2>0 ) 1 2 

= C{ki,k2) + Q{k2,ki) + C(fci + fca). 
Generalizing this, one can introduce the harmonic product * on i^^ = Q • 1 + fjy. 

Definition 3.1. * : f)^ x. > S)^ is a Q-bilinear operation satisfying the following conditions: 

(i) For any w ^ Sj^ , w*l — l*w — w. 

[a) Let Zk — x^^^y (fc = 1, 2, . . .). For any words wi, W2 in S)^ , 

{ziWi) * {ZjW2) = Zi{wi * {ZjW2)) + Zj{{ziWi) * W2) + * W2) ■ (3.5) 

Hoffman ^ showed that {Sj-^, *) is a commutative algebra generated by Zk = x^^^y {k = 1,2,.. .), 
and that the map Z : ^f' — > M is an algebra homomorphism, that is. 



Z{wi * W2) = Z{wi)Z{w2), (wi, W2 e Sf). 
By (|1.7|l and (|3.t)|l . we have the finite double shuffle relation: 
Proposition 3.1 (Zagier, cf. | AK p. 

Z{wi *W2~ Wi\U W2) = 0, (Wi, W2 G ^^)- 

The harmonic product of the Kleene closure of Zk is computated as follows: 



(3.6) 



(3.7) 
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Theorem 3.2. We have 

(zfe)**(-Zfe)* = (-Z2fcr. (3.8) 
In general, letting uj be a primitive m-th root of unity, 

(zkY * (uJZkr {cJ^^-^ZkY = {{-ly^-^Zmkr- (3.9) 

We will prove this theorem in Section 5 after introducing the notion of "harmonic automata" . Trans- 
forming H^.Sfl . H3.9|l to MZVs via Z yields the following formula: 



Corollary 3.3. We have 



In general, 



2n 

E(-l)'C({fc}p) C({fc}2„-p) = (-l)"C({2fc}„). (3.10) 

p=0 



E ^°-^^+^-''^ + - + (™-^)-^'"C({A}pJ • • • C({fc}p™) = (-l)""-"C(Wfc}n). (3.11) 

PlH hPm— ''Tl^T', 

Pi,...,Pt,i>0 

4 Variation of Zagier-Broadhurst's formula 

4.1 The shuffle automaton of (—xy)* lu (xyYx'^^xy)* 
As an application of Waldschmidt's formula p. 10(1 . we show 
Theorem 4.1. The following relations of MZVs hold: 

n—1 n—1 

= -2 E(-4)^C({3, l}p, 3, 3, {2}2(„-p-i)) - 3 E(-4)^C({3, l}p, 4, {2}2(„_rt_i) (4.1) 

p=0 p=0 

n-l 

+ 2(-4)" E C({3, l}p, 5, 1, {3, l}„.p_i). 

(-l)"2.4"+i(n+l)^4„+4 , . , 

(««) ^ ^^^Iq)i (weights An + 4) 

n — 1 n 

= 2 E(-4)^C({3, l}p, 3, 3, {2}2(„-p)-i) + 3 ^(-4)pC({3, l}p, 4, {2}2(„„p)) (4.2) 

n — 1 n 

- 2(-4)" E C({3, l}p, 3, 4, 1, {3, l}„_p_i) - 2(-4)" ^ C({3, l}p, 4, {3, 1}„_,). 

p=0 p=0 



where Bk 's are the Bernoulli numbers; 



k\ e* - 1 

/c=0 

These relations are derived from the following shuffle automata: 
Proposition 4.2. We have 



^ t'^ te' , , 

E^^M = ;r3T- (4-3) 



(i) i-xy)* LU {xyYx^ 

= i-Ax^y^Yx^i-xy)* - 2{~AxYyx^yxi-xyy - 2{-AxYyx''yi-xy)\ 

[ii) {-xy)* LU {xyyx^{xyy 

- 2{-Ax^y'^yx^yx{-Ax^y^y - 2(-4x2y^)*a;^y(-4a;^y2)*. 
Proof . (i) The transition diagram of the shuffle automaton {—xyY m [xyYx'^ is 

V 



93 



EE 



92 



92' 



(4.4) 
(4.5) 



(4.6) 



Let "Sj^j^^^ •''^'^ ''Z words accepted by paths from qj-^ to qj^ not passing through , . . . , qi^^ . Then 

Si,i' is the element accepted by this automaton, and we have 

q _ c c[l] c[3,4,l'l o , c c[l] c.[l,2,2'] c, 

— '^14 "^1,2 "^2,2' '^2',!' + "-"1,1 '^1,3 '-'3,1' ^1' ,1' ■ 

By Waldschmidt's formula p.lO|l . = (— 4a;^y^)*. Other terms are calculated as 

= 2x^(1 + yxS^^l ~ yxS^^l) = 2x' , 

c[3,4,l'l _ ^ 
"-^2,2' ~ 

S2',i' = -y{~xyy, 

^iji = X + 2x S'2,3, 

4^3 = -y + yxS^2j} - y^S2ji = -v^ 

c[1.2,2'] _ 

'-'3,1' ~ ' 
Svs' - {-xyy. 

Hence we have (|4.4(l . 

(ii) The transition diagram of the shuffle automaton {—xyy lu {xyyx'^{xyy is 



1^ ^ 



93 



94 



92 



93' 



94' 



92' 



V y 
By similar consideration, we obtain (|4.5|l . 

Proof of Theorem 4.1 . Let (w)^ — w{wy for a word w. From (|4.4() and (14.5(1 . we have 
{-xyy LU {xyyx'^{xy)+ 

= {-xyy LU {xyyx'^{xyy - {-xyy lu {xyyx"^ 

= {-Ax^y^yx^-Ax^yY - A{-Ax^y^yxV{-4x^y^y 

- 2{-Ax^y'^yx^yx{-Ax^y^)+ - 2{-Ax^y^yx^y{-Ax^y^y 

+ 2{-Ax^y^yx^y{-xyy + 2{-Ax'^y^y x^yx{-xy)+ - {-Ax^y'^yx^{-xy)+. 



(4.7) 



□ 
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Note that, since the shuffle product preserves the length of words, the elements of the same length in both 
sides are equal. Picking up the terms of length An + 2 from the RHS, we have 

Z{the sum of the terms of length An + 2 in the RHS) 

n— 1 n— 1 

= -2 ^(-4)PC({3, 3, 3, {2}2(„_p_i)) - 3 ^(-4f C({3, 1}^, 4, {2}2(„_p)_i) 

p=0 p=0 

+ 2(-4)" J2 C({3, 5, 1, {3, l}„_p_i). 

On the other hand, by (|1.7() 

Z{the sum of the terms of length An + 2 in the LHS) 

hn-p+i-g) 



2n / 2n-p+l 

= E(-l)'"MC({2}p-i) J2 C({2},-i,4,{2}2 



Lemma 4.3. We have 

2n I 2n-p+l \ n 

^(-irMC({2}p-i) C({2},-i,4,{2K-p+i-,) =(-ir^C({4}p-i,6,{4}„_,) (4.8) 

p=l \ 9=1 / p=l 

Proof . By the definition of the harmonic product (|3.5|) . we have 

2n-p+l 

^ (({2},-!, 4, {2}2„_p+i_,) = C(2)C({2}2„-p+i) ~ (2n - p + 2)C({2}2„-p+2). 

9=1 

2n 

t/ie of {C(2)C({2}p-i)C({2}2„-p+i) - (2n - p + 2)C({2}p_i)C({2}2„-p+2)} • 

p=i 

By using (|3.10|l and (|3.5() . is easy to see 

n n+1 

tte LES of WM = (-1)" E C({4}p-i, 6, {4}„_p) + (-1)" ^ C({4}p-i, 2, {4},„+i_p) 

p— 1 p— 1 

n 

+ E(-l)'^'(2" + 1 - 2p)C({2}p)C({2}2„+i-p). 

p=0 

Furthermore, by induction, one can prove 

n+l n 

(-1)"+' E ^r'^2 4+'"'' - ^(-If +i(2n + 1 - 2p)zl * zl^+'-^. (4.9) 

p=l p=0 

T/iits t/ie proof is completed. □ 
5?/ calculating harmonic product, we have 

n / n— 1 \ 

(-1)" E C({4}p-i, 6, {4}„_p) = (-1)" C(6)C({4}„-i) - E C({4}p-i, 10, {4}„-p-i) 
P=i \ p=i / 

Tl-2 

= (-l)"C(6)C({4}„-i) + (-l)"+iC(10)C({4}„-2) + (-1)"+' E C({4}p-i, 10, {4}„-p^2) 

p=i 



n-l 

^(-l)^+^C({4}p)C(4r^-4p + 2). 

p=0 
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Here substituting the formulas 



C(2fc) 



C({4}„) = 



2(2fc)! 
2 • 4"7r4" 



(4n + 2)!' 

we o6tam the LHS of (|4.1() . 

We can prove l|4.2(l m a similar way. This completes the proof. 

4.2 The shuffle automaton of {x^y)* lu (— x^y)* 

Through consideration on the shuffle automaton of {x^y)* lu {—x'^y)*, we show 

Theorem 4.4. W^e have 

12" 



(4.10) 
(4.11) 
□ 



V — 

nsi- 



he, H he 



^C({5-£^_i-£„l + e. + e:KLi) 



ei,£',=0,l 



6(27r)''" 
(6n + 3)! 



(4.12) 



where e'q = e'^ = 0. 

First we show the foUowing lemma: 

Lemma 4.5. Assume that w d be a word of length I. Let A = (dij) be the adjacency matrix of the 
finite automaton of w* lu (— w)* and A" = (a|"^). Then 

n i 2/Z>o =^ aj"^ 0. 
Proof . It is obvious that n ^ /Z>o =^ aj'^^'' = 0. Suppose n = (2k + 1)^ (fc G Z>o). Then 



2k+l 

^ LU (- 

1=0 



1=0 

fc 

j=0 

= 0. 



, ,2fc+l-i 



The shuffle automaton of [x y)* \u {—x y)* is represented as 



□ 



94 



97 



(4.13) 



95 



98 



92 



99 



93 



96 
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The adjacency matrix is 



where 



A = 



Pi 
P2 
Pz 





X 


X 


0" 




X 


X 


0" 




y 


X 


0" 


Pi = 





y 


X 


,P2 = 





X 


X 


,P3^ 





X 


X 









X 









y. 




.^y 





X 



From Lemma l^THl and ProDOstion l2.2l the words accepted by this automaton are a^^^"'' (n e Z 
of the form of A (jlT^ . it is the (1, l)-entry of {PiP2P3}^"- Compute P := {PiPz-Ps}^: 



X X 


0" 




X 


X 


0" 




V 


X 


0" 


y 


X 







X 


X 







X 


X 


-y 


X 




.-y 





y. 




rv 





X 


q - 


-q 















r s 
-r t 



where 



p 


= -3(4a;4y2 4 


- 2x^yxy), 
x^yx^), 


q 


^ -3(2a;4y + 


r 


= -H2yx^y^ 
= -3{2xy'^x^ 
= -3(2xy2a;3 


+ yx^yxy), 


s 


+ yxyx^ + yx^yx + xyxyx'^ + yx'^yx 


t 


+ yxyx^ — yx^yx + xyxyx^). 



Lemma 4.6. There exist elements pn,qn,rmSn,tn G such that 

-qn 



pn _ 



P 

r, 

— r. 



n 



qn 

tn 



Proof . From 14.15|l . this statement is true for n = 1. Now compute P 



2 . 



pz 



Hence it is represented as 



p^ + 2qr pq + q{s — t) 

rp+ {s — t)r + + t^ 

-{rp + (s — t)r} —rq + st + ts 



-{pq + q{s - 1)} 

—rq + st + ts 
rq + s^ + t'^ 



P2 q2 
r2 S2 
-r2 t2 



-92 

t2 
S2 



For 71 > 3, it is proved by induction. 

From this lemma and P" — P^^^^P, we have the foUowing recursive equations for p„, q 
Pn = -&Pn-i{2x'^y'^ + x^yxy) - 6g„_iy(2x^y^ + x'^yxy), 
qn = -iPn-ii'^x^yx + x'^yx'^) - 3qn-iy(2x^yx + x^yx'^). 
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Set Wn = {x y and w'^ = {x y x yx {wq — w'q — 1). We define the operations ai,Tj by 



(Ji{wi^) ^ Wi-ix^yxywl}_- (1 < i < n - 1), cr„(wJJ = w„_ia;^yxa; 



^ T,-(wi^) ^ Wj^ix'^yxy_x-^y^ w\L^^.j (l<J<"--2) Tn-i{w[^) ^ Wn-2x'^yxy_yx. 



n4„,^„^3„,2 „,(') 



(4.18) 



where the underlines designate the position of exchanging the order of x and y. Solving the recursive 
equatoins H4.17|l in terms of these operations, we have the following proposition: 



Proposition 4.7. 



E 



ei,...,e„=0,l 
£i,...,e'„„i=0,l 



2eiH l-e,i+eiH l-e„_i 



(-12)^ 



ei,...,E„=04 
ei,...,e^_i=0,l 



2l+ei + ---+e„+6iH h<,_i 



(4.19) 
(4.20) 



Proof . We prove by induction. For n = 1, we have 

pi - -UxY - 6x3ya;y = -12 (a;^^;^ + ya;^^^^ , 
qi — —6x^yx — 3x'^yx^ — 12 ^-x'^yx + -^x'^yx 

So the statement is true. Next assume H4.19|l to be true for pn, qn- As for pn+i, from 14.19|l . it follows 
that 

Pn+i = - I2pnx^y'^ - 6pnX^yxy - I2qnyx^y^ - Gqnyx'^yxy 

(-12)"+! 



E 



ei,...,£^^0,l 

£^,...,£^_-|^— 0,1 



2^1 



H !-£„+£ H he 



^ar...<"rf^...r£r(xV)"+' 



+ E 
E 
+ E 



(-12) 



n+l 



6l,...,£„=0,l 

£i,---,eti-i=0.1 



ei,...,e„=0,l 
e^,...,e^_^— 0,1 





he„+£iH he;_i 




(-12)"+! 




h£„+e'iH he;_i 




(-12)"+! 



• • • <"T^ • • • r:riV„+i(x4y2)"+i 



^ar..-<"ri^^...r:ri^r„(xV)"+' 



El,...,£„=0,l 

e'i,...,<_i=0,l 



22+ei + ---+£„+eiH he^.i 



7 • • • ^"'ri' • • • r„-l Crn+lTn{x y ) 



,4„,2\n+l 



E 



£1 ,...,£71+1—0,1 
£', ,...,£' =0,1 



V -"-^Z £i £ji + l £1 £„ / \ 

2e,+...+e„+,+£;+...+£;^ ^i^ ■ • • '^n+i r,'---rn- (Wn+l). 



Hence (14.19(1 /loWs for pn+i. The case for qn+i is proved in a similar way. 



□ 



Proof of Theorem 14.41 . Transforming the RHS of (|4.19(l via Z, we obtain the LHS ((4.12|l . By the 

finite double shuffle relation Provosition \8.1\ and the formula (|3.10|l ( Corollarv \3 .'J\) . we have 



Z{the sum of the terms of {x y)* m (—a; y)* of length 6n) — C({6} 
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Furthermore, we have the formula (see Appendix) 

Thus the proof is completed. □ 

4.3 The shuffle automaton of {xy)* lu (uxyY lu {cu'^xyY 

Let w be a primitive cubic root of unity. Through considration on the shuffle automaton of (xy)* lu 
{ojxy)* LU {oj^xy)*, 

Theorem 4.8. We have 

^ E^^^irT^Ti^^Sr:^ (4-22) 

e[,.'...eCi=OA 

where = e'^ = 0. 

The transition diagram and the adjacency matrix of this shuffle automaton are as follows: 




(4.23) 



Let A" = What we want to know is a^"^ The following lemma is an analogy of Lemma [4. 51 



A 















X 


X 


X 

















ujy 


y 





X 














uj^y 





y 


X 

















uj^y 


ujy 


X 


y 


X 


X 

















ujy 


X 





X 














Lu'^y 





X 


X 

















uj^y 


ujy 


y 















(4.24) 



Lemma 4.9. Let w ^ 9) be a word of length I. Let A 
automaton of w* ui (low)* ui (uj'^w)* and A" — 



(a.y) be the adjacency matrix of the shuf 



= i% 
ill = 



Then 

(") 
^11 = 



14 



Proof . Let us show a 



(i(3m+l)) 
11 



a 



(/(3m+l)) 
11 



n+i2+i3=3m+l 

E 

il+i2+i3=3m+l 

a{uj) w-'^ lii w-'^ ill w-'^ + w-'^ in w-'^ in w 



,J2 



where 



il+j2+i3=3m+l 
3i>h>i3 



a{uj) = tj2ji+j2 



2ii+j2=3m+l 

ji#i2 



,2j3+i2 



,j"l+2jl 



,J2+2ji 



One can easily show a{ijj) = — by noting that tj-Ji+-J2+J3 i _ ^ for ji + j2 + js ~ 3m + 1 and 

^2ii+j2-i ^ 1 2ji + ja = 3to + 1. T/iMS aff = 0. 

One can prove a^'^^^'"^^^^ = in a similar way. □ 

From this lemma and the form of A (14.241) we see that a^"-* = (n ^ 6Z) and a^^""* is the (1, l)-entry 
of P", 



P 





X 


a:; 


X 







y 


X 


X 







Loy 


y 





X 




ujy 


X 





a; 




uj^y 





2/ 


X 




uj^y 





a; 


a; 









ujy 


X 




w^y 


ujy 


y 






~ujq 




9 


-9 










9 


s + t 


s 


+ <" 


s + i' 












s + t' 


s 


+ i 




s + t" 










— r 


s + t" 


s 


+ i 




s + t 









(4.25) 



where 



p = 12(3x^y^ + x'^yxy'^) 
q = 12x^y^x + Ax^yxyx 
r = \2yx^y^ + Ayxyxy^ 



t = Ayxyx'^y + Ayx^y^x + Ayxyxyx 
t' = Aujyxyx'^y + AuPyx'^y'^x 
t" = AuP'yxyx^y + Aujyx^y^x 



(4.26) 



s = 12{y^x^yx + xy'^yx) + A{y'^x'^yx + xy'^xyx + yxy^x'^) 
By induction, one can show 

Lemma 4.10. There exist p„, g„, r„, s„, i„, t'^, £ Sj such that 



pn 



Pn 


-^qn 






-qn 


-u?rn 




s + t" 

On ''n 




+ t'n 


-UJrn 




^n tn 




+t: 










+ tn 



The elements Pn , qn satisfy the recursive relations 

Pn = 36 {pn~i (x^y^ + \x'^yxy'^) + qn-i {yx'^y^ + \yxyxy'^) ] , 

qn = 36 {pn-i (Ix^y'^x + ■^x'^yxyx) + g„_i [\yx'^y'^x + -^yxyxyx)] . 
Set Wn = {x^y^)^ and w'^ — {x^y^)^~^x^y'^x {wq = w'q = 1). Let us define the operations ai,Tj by 



(4.27) 



cri(wi') = Wi-ix'^yxy'^ wlJ_^ il<i<n-l), aniw'^) ^ Wn-ix^yxyx 



^ Tj(wV) = Wj-ix'^y^xy_x^y'^ wl^Li^j (l<j<f^-2), Tn-i{w'^) ^ Wn-2X^y'^xy_x'^y'^x. 



„3„,2^„,^2„,3"„„(') 



(4.28) 
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Similarly as in the previous subsection, one can show 
Proposition 4.11. We have 



Pn 



E 
E 



(36)'^ 



ei,...,£„=0,l 
e'l ,...,e' _,=0,1 



ei,...,e„=0,l 
e'l ,...,e' ,=0,1 



geiH |-e„+eiH 1 

(36)" 

3l+£iH hEn+e'iH he'„_i 



El . . . ^en^*^! 



CTi • • • cr„"T 



(4.29) 

(4.30) 



Proof of Theorem l4.8l . Transforming H4.29|l via Z to MZVs yields the LHS of (|4.22|l . From Proposition 
and Theorem \8.iA it follows that 

Z {{xy)* LU (ujxy)* m iuj'^xyy) 
=Z {{xy)* * {uJxyY * {oj'^xy)*) 
^Z{{x^yy) 
= the RHS of 

□ 

5 Harmonic automata 

Theorem 5.1. The automaton accepting the harmonic product wi * W2 where wi — Zp^Zp^ ■ ■ ■ Zp^ and 
W2 = Zq^ - ■ ■ Zq^ is rprcscntcd by the following transition diagram ()5.1|) . We call this the harmonic 
automaton of Wi * W2 '■ 



(5.1) 




Proof . In the definition of harmonic product 



Zp-i Zp2 ' ' ' Zp^ ^ Zq-^ 



Zq2 ' ' ' Zq^ — Zp^ {Zp2 ' ' ' Zp^ ^ Zq^ Zq^ ' ' ' Zq^ ) -|- Zq-^ (^pi Zp^ ' ' ' Zp^ 



* Znr, ' ' ' Zn 



+ Zpi+qi {Zp2 ■ ■ ■ Zp^ * Zq2 ■ ■ ■ Zq^), 

each term designates 

( the first term ) : the transition from the state qi to the state q2 inputing Zp-^ , 

(the second term) : the transition from the state qi to the state inputing Zq-^, 

(the third term) : the transition from the state qi to the state q(m+i)+2 inputing Zp-^^q-^. 

Thus we have ()5.1(l . 



□ 
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Corollary 5.2. The harmonic automaton of w| * W2 is represented by the following transtion diagram 



(from q„^) (from 9(„_i)„ + i; (from g(„_i)„ + 2j 



(from qm) 



(from q„m.) 



^ (to qi) 



(from q2m) 



(from qmn) 




(5.2) 



(to qi) 



(to qi) 



(to 



(to qi) 



Proof of Theorem lO] . We prove the case of m — 3; Let u be a primitive cubic root of unity. The 
harmonic automaton representing * (ujZk)* is as follows: 




(5.3) 



(l+U))Zk+LLlZ2k 



mil 



Hence we have * (ojZk)* = {(1 + ^)zk + ^Z2k}* ■ The harmonic product of (z^ * {cuzk)*) * uj'^Zk is 
represented by 




Therefore the element accepeted by this automaton is (23/0)*- 



{l+Lo)zk+ulZ2k+^^^ Zk + iuj'-' +UJ^)z2k+^^^ Z3k=Z3k 



(5.4) 
□ 



A On the value of C{{2k}n) 

Let to — uj2k bo a primitive 2ri-th root of unity. From 



sm TTX 



n ' 



9 / ' 
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we have 

r— 1 ^ ^ 

The Taylor expansion of the RHS above is 

OO 

J2amn){-x''r, (a.2) 

SO it is easy to see 

2n o2n+l 4n 

C({2}„)^ ,. C({4}„) = --— (A.3) 

Comparing the Taylor expansion of the LHS 



1 



Trix{eo+eiiAj-t het-ii^ ) 



k—l\n 



(2i)'=7r'=w'=('=-i)/2a;'= ^ 

^ ' eo=±l,---,efc-i=±l 
1 - (^^)2n/c 

n=0 ^ ' eo=±l,...,efc-i=±l 

with HA.2|I we obtain the following proposition: 
Proposition A.l. We have 

(^T\(k+l)n 2kn 

C({2fc}») = ,,J,(,V(,fe , E eo...£.-i(£o + ei- + --- + s._ic.^-^)^'="+'=. (A.4) 

^ '^^ eo = ±l,...,efc-i = ±l 

From this proposition, as the explicit formula for C({2fc}„) (fc = 3, 4, 5, 6), we have 

C({8}„) ^ 2a»^V«n(3 + 2V^^^H-.^(3^2V2)^»^^} ^ ^^^^^ 
A^nm ^ _ 5 ■ 2«"7ri°"{22"+i + (11 + 5^5)^"+^ + (11 - 5^5)^"+!} 

^^^^"^"^ " (lOn + 5)! ' ^^-^^ 

oi ^ 3-2i2"+2^i2»{26"+3 + (26 + 15\/3)2"+i + (26-15V3)2"+H 
C({12}„) (l2n + 6)! ■ ^^■^> 

These formulas reflect the fact that (Q(%/2) C Qiuis), Q(V5) C Q(wio), (0(73) C Q(wi2). To represent 
C({14}„), we need the imaginary quadratic field Q{V—7) and the cubic field Q(2cos22i) which are 
subfields of Q(wi4): Let ai, (3i be the roots of the quadratic equation 

- 13A + 128 = 0, 

and a2, (32, 72 be the roots of the cubic equation 

- 57A^ + 103A -1 = 0. 

Then 

7 9l4n+l_.14n 

/-n^A^ \ fl ( 2n+l , o2n+l , 2n+l , o2n+l , 2n+l 

C({14}rO = (14n + 7)! 1 +l\ +"2 +/32 +I2 

+a^2n-l _^ ^-2„-l ^ ^-2"-l| (A.9) 
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